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Abstract-- In this work, three models are used to calculate the 

natural frequency of cantilever stepping beam compound from 

two parts. These models are Rayleigh model, modified 

Rayleigh model, and Finite elements model (ANSYS model). 

The Rayleigh model is modified by calculating the stiffness at 

each point of the beam. The modified Rayleigh model is much 

closer to the ANSYS model than the Rayleigh model. The 

comparison between the three methods was presented in this 

study and the convergence for the three methods of study was 

shown. The results showed the effect of the width for small and 

large part of beam, the length of large part of step, and the 

ratio of large to small width of stepping beam on the natural 

frequency of stepping beam. The natural frequency of stepping 

beam is increasing with increasing of the width of small and 

large parts of beam. In addition to, the natural frequency of 

beam is increasing with increasing the length of large width 

until reach to (0.52 m) and decreasing then when the modified 

Rayleigh model or ANSYS model are used. 

 

Index Term--  Natural Frequency, Stepping Cantilever 

Beam, Rayleigh Method, Modified Rayleigh Method, Finite 

Elements Method, ANSYS, Stiffness of Beam, Equivalent 

Moment of Inertia, Point Equivalent Moment of Inertia.   

1. INTRODUCTION 

Beams with variable cross-section and/or material 

properties are frequently used in aeronautical engineering 

(e.g., rotor shafts and functionally graded beams), 

mechanical engineering (e.g., robot arms and crane booms), 

and civil engineering (e.g., beams, columns, and steel 

composite floor slabs in the single direction loading case).  

The beam with variable cross-section is often modeled 

by a large number of small uniform elements, replacing the 

continuous changes with a step law. This scheme is accurate 

for a stepped beam but approximated for a beam with 

continuously changed cross-section. Although in this way, it 

is always possible to reduce errors as much as desired and 

obtain acceptable results by refining meshes, the modeling 

and computational efforts can become excessive. The 

boundary element methods for static torsion and torsional 

vibration analyses of bars with variable cross-section were 

developed by Sapountzakis and coworkers [1, 2]. The 

dynamic stiffness method to investigate the free bending 

vibration of rotating beams with linearly changed cross-

section was used by Banerjee et al. [3].The static responses 

of curved beam with variable cross-section was studied [4], 

in which the stiffness matrix and the equivalent nodal loads 

of the curved beam element were presented. The Carrera 

Unified Formulation was derived by Carrera and coworkers 

[5, 6], and under that framework, they presented a method to 

analyze beams with arbitrary cross-sectional geometries. 

Firouz-Abadi et al. [7] presented a Wentzel, Kramers, 

Brillouin approximation-based analytical solution to free 

transverse vibration of a class of varied cross-section beams. 

Ece et al. [8] solved the problem of the vibration of beams 

with exponentially varying cross-section width for three 

different types of boundary conditions associated with 

simply supported, clamped, and free ends. Shin et al. [9] 

applied the generalized differential quadrature method and 

differential transformation method to vibration analysis of 

circular arches with variable cross-section, stating that these 

two methods showed fast convergence and accuracy. Exact 

displacement interpolation functions to beams with linearly 

changed cross-section were solved and then used to derive 

the accurate stiffness matrix [10, 11]. The use of exact 

displacement interpolation functions to solve varied cross-

section beam problems is a straightforward way; however, 

they [10, 11] only focused on the beam with linearly and 

continuously changed cross-section. A special case is the 

stepped beam, a beam with abrupt changes of cross-section 

and/or material properties. Several works about stepped 

beams had been published. An analytical approach to 

calculating the frequencies of beams on elastic end supports 

and with up to three step changes in cross-section was 

presented by Naguleswaran [12]. Maurini et al. [13] 

presented an enhancement of assumed mode method by 

introducing special jump functions to catch the curvature 

discontinuities of the mode shapes. Kisa and Gurel [14] 

presented a technique to solve the free vibration problems of 

stepped beam with circular cross-section and an existing 

crack. In [15, 16], solutions to the free vibration problem of 

stepped beams were presented by using the properties of 

Green’s function. Jaworski and Dowell [17] conducted an 

experiment of free vibration analysis of a stepped 

cantilevered beam and compared the experiment results with 

the classical Rayleigh-Ritz method, component modal 

analysis, and commercial finite element software ANSYS, 

the local boundary conditions and non beam effects were 

discussed. The composite element method to analyze free 

and forced vibrations of stepped beams was used Lu et 

al.[18] and the theoretical results compared with 

experimental results. Mao and Pietrzko [19] used the 

Adomian decomposition method to investigate the free 

vibrations of a two-stepped beam, considering different 

boundary conditions, step locations, and step ratios.Most 

recently, Zheng and Ji [20] presented an equivalent 

representation of a stepped beam with a uniform beam to 

simplify the calculation of static deformations and 

frequencies. The methods to analyze the stepped beams and 

the beams with continuously changed cross-section are 

generally not unified.  

In addition to cross-sectional geometry, other parameters 

such as material properties (e.g., modulus, mass density, 

etc.) are also changeable, which belong to the researches on 

beams made of functionally graded materials. For 

functionally graded beams, continuous material gradient 
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variation may be orientated in the cross-section and/or in the 

axial direction. For the former, there have been many 

researches devoted to static and vibration analyses (e.g.,[21–

25]). For the axially functionally graded beams, few 

solutions are yet found for arbitrary gradient changes [26, 

27]. 

2. RAYLEIGH METHOD 

Rayleigh method is a good method and simpler than the 

other numerical methods for finding the natural frequencies. 

It includes calculating the kinetic energy and potential 

energy of the system. The kinetic energy can be calculated 

by integrating the mass through length of the beam and the 

potential energy by integrating the stiffness through the 

length of the beam. So one can get [28, , 29, 17]: 
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Where: ( ) is frequency, (E) is Modulus of Elasticity,(I) is 

Moment of Inertia, (ρ) is Density, (A) is Cross Section Area, 

(m) mass, and (y) is Deflection. 

By calculating the deflection of the beam(y(x)) 

using the following steps: 

(1) Dividing the beam into (n) parts (i.e. (n+1) nodes). 

(2) Calculate the delta matrix [δ]((n+1)* (n+1)) using Table 

(1). 

(3) Calculate the mass matrix [m]((n+1). 

(4) Calculate the deflection at each node by 

multiplying delta matrix and mass matrix ([y] (n+1)= 

[δ]((n+1)* (n+1)) [m]((n+1)) after applying the boundary 

conditions.  

A MATLAB program was used to simulate the 

Rayleigh method in order to calculate the first natural 

frequency of any beam (Different materials, different 

dimensions and different cross section area). 
TABLE I 

FORMULAE OF THE DEFLECTIONS OF THE CANTILEVER BEAMS[28]. 
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III.  DISADVANTAGE OF RAYLEIGH METHOD 

From equation (1) and Table (1), one of the most 

important parameter affects on the value of deflection is the 

moment of inertia. In Rayleigh method, the moment of 

inertia was calculated using the equivalent inertia technique. 

In order to explain the equivalent inertia technique, 

consider a cantilever stepped beam with two steps as shown 

in Fig. (1). Since the dimensions of one step differ from the 

other, therefore the moment of inertia of the first part differ 

than that of the second part in additional to the difference in 

the cross section area. 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1. The Cantilever Stepped Beam 

The equivalent moment of inertia can be calculated by the 

following equation: 
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and for Nth stepped beam equation (2) can be written as: 
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This technique is suitable for small value of (I2/I1) ratio 

and when this ratio is large the equivalent moment of inertia 

technique falls to calculate the natural frequency. 

 
THE POINT EQUIVALENT MOMENT OF INERTIA: 

In order to modify the Rayleigh method, the point 

equivalent moment of inertia must be used in order calculate 

the natural frequency. The idea of point equivalent moment 

of inertia is concentrated on equation (2) and equation (3). 

In these equations, the parameters, affect on the value of 

equivalent moment of inertia, are the length of steps and the 

dimensions of cross section area of the steps. The length of 

small part can be expressed as a function of distance along 

the beam. Now if the beam is only large part then the 

equivalent moment of inertia will be (I2). But if the beam 

consists of two steps, the equivalent moments of inertia at 

the points that lie on the large step are (I2). While the 

equivalent moment of inertia at the points that lie on the 

small step are changed and depend on the position of step 

change. The equivalent moment of inertia at any point lies 

on the small step can be written as: 
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V. THE MODIFIED RAYLEIGH METHOD 

For modifying the Rayleigh method, the point 

equivalent moment of inertia was used instead the classical 

equivalent moment of inertia to calculate the natural 

frequency of stepped cantilever beam. A new MATLAB 

program was used to simulate the modified Rayleigh 

method to calculate the first natural frequency of any 

stepped beam of two steps [30].  
VI. NUMERICAL APPROACH (FINITE ELEMENTS METHOD) 

In this method, the finite elements method was applied by 

using the ANSYS program. The three dimensional model 

were built and the element (Solid Tet 10 node 187) were 

used [31,17]. Generally the number of nodes was 
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approximately (1100-2500) and the number of elements was 

(400-1500). A sample of meshed beam is shown in Fig.(2). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Sample of Meshed Stepping beam. 

 

VII. RESULTS AND DISCUSSION 

 Fig.(3) shows the stepped beam that was 

studied in this work. This beam is square cross 

section area.  

 

 

 

 

 

 

 

 
Fig. 3. Dimensions of Cantilever Stepping Beam 

 
The cases that were studied in this work, can be 

listed in Table (2) and the material properties of the beam 

were (Modulus of Elasticity = 200 GPa.; Poisson Ratio = 

0.3 and Density = 7860 kg/m
3
) and the length of the beam 

was (84) cm. 

 
1- The point Equivalent Moment of Inertia 

The stiffness of the beam is one of the most important 

parameter affecting in static and dynamic analysis. The 

stiffness in vibration means the multiplying modulus of 

elasticity and moment of inertia of beam. Therefore, the 

stiffness was studied in this work instead of moment of 

inertia. 

Fig.(4) shows the varying of stiffness at any point in 

the beam along the length of  the beam with the different 

length of large part when the width of large part is (0.01 m) 

and the width of small part is (0.005 m). Two straight lines 

can be distinguished in the figure. The first straight line 

refers to the stiffness of the beam when the length of large 

part equals zero. In other words, the beam has one cross 

section area (0.005 m*0.005 m). The second straight line 

refers to the stiffness of the beam when the length of large 

part equals the length of the beam (i.e. the beam has one 

cross section area (0.01 m*0.01 m)). For any length of large 

part, the stiffness decreases from larger value (I Large) to the 

smaller one (I Small). When the length of large part increases 

the stiffness value may be not reach to smaller value. Also, 

the decreasing rate of stiffness decreases when the length of 

large part increases. The same observation notes can be seen 

in Fig.(5)-Fig.(9). 

From figures (4-9), the deceasing rate of the stiffness 

decreases when the ratio between the widths of the large 

part to that of small part (WL/WS) increases. 
 

2- The Natural Frequency: 

As mentioned before, three models were made in 

order to calculate natural frequency of stepped beam. These 

models were Rayleigh model, modified Rayleigh model and 

finite elements model (ANSYS model). Fig. 10 and Fig. 15. 

show the comparison between natural frequencies of the 

three models when the length of large part of  beam 

increases for width of the small part (WSmall) equals (0.005 

m) and  different width of the large. 

Fig.(16)-Fig.(21) show the comparison between 

natural frequencies of the three models when the length of 

large part of  beam increases for width of the small part 

(WSmall) equals (0.01 m) and  different width of the large 

part (WLarge). A good agreement between the modified 

Rayleigh model and ANSYS model for the small value of 

the width of the large part (WLarge) can be seen and the 

maximum difference between modified Rayleigh model and 

ANSYS model still lies in  (L Large =0.52 m). 

Fig.(22)-Fig.(26) show the comparison between 

natural frequencies of the three models when the length of 

large part of  beam increases for width of the small part 

(WSmall) equals (0.015 m) and different width of the large 

part (WLarge). A good agreement between the modified 

Rayleigh model and ANSYS model for the small value of 

the width of the large part (WLarge) can be seen. Also the 

maximum difference between modified Rayleigh model and 

ANSYS model still lies in (L Large =0.52 m). 

The same remarks can be seen in Fig.(27)-Fig.(30) 

when (WSmall) equals to (0.02 m) , Fig.(31)-Fig.(33) when 

(WSmall) equals to (0.025 m) , Fig.(34) and Fig.(35) when 

(WSmall) equals to (0.03 m) ) and in Fig.(36) when (WSmall) 

equals to (0.035 m). Generally, when the ratio (Wlarge/ 

WSmall) increases the deference between the natural 

frequency of   modified Rayleigh model and ANSYS model 

will be increase too, this happened because of the effect of 

stiffness in each point on the beam.  

 

 

 

 
 

(a):Length of Large Part=0.072,  

Wl=0.04 and Ws=0.035 

(b): Length of Large Part=0.032 

Wl=0.04 and Ws=0.035 

Length of larger part Length of small part 

Ws Wl 

Larger part 
Small part 
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TABLE II 

DIMENSIONS OF THE STEPPED BEAM THAT WERE STUDIED IN THIS WORK. 

No. 
Width of  

Large Part (m). 

Width of 

Small Part (m). 

Length of 

Large Part (m). 

Length of 

Small Part (m). 

1. 0.01 0.005 
0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 

2. 
 

0.015 

 

0.005 
0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 3. 0.01 

4.  

0.02 

 

0.005 
0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 
5. 0.01 

6. 0.015 

7. 

0.025 

0.005 

0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 

8. 0.01 

9. 0.015 

10. 0.02 

11. 

0.03 

0.005 

0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 

12. 0.01 

13. 0.015 

14. 0.02 

15. 0.025 

16. 

0.035 

0.005 

0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 

17. 0.01 

18. 0.015 

19. 0.02 

20. 0.025 

21. 0.03 

22. 

0.04 

0.005 

0.12, 0.21, 0.32, 0.42, 0.52, 0.63, 

0.72 respectively 

0.72, 0.63, 0.52, 0.42, 0.32, 0.21, 0.12 

respectively 

23. 0.01 

24. 0.015 

25. 0.02 

26. 0.025 

27. 0.03 

28. 0.035 

 

 

 

 
 

 

 

 

 

 

 
 

Fig. 4. Variation of Stiffness of Beam Along the Length of Beam 

When WL=0.01 m and WS=0.005 m. 

 
 

 

 

 

 

 

 
 

 

 

 

 
 

 

 

Fig. 5. Variation of Stiffness of Beam Along the Length of Beam 
When WL=0.015 m and WS=0.005 m. 
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Fig. 6. Variation of Stiffness of Beam Along the Length of Beam 

When WL=0.02 m and WS=0.005 m. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 8. Variation of Stiffness of Beam Along the Length of Beam 

When WL=0.03 m and WS=0.005 m. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 10. Comparison Between the  Natural Frequency of the Three 

Methods with the Length of Larger Part When (WL=0.01m)  and 

(WS=0.005m). 
 

 

 
 

 

 
 

 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 
 
 

Fig. 7. Variation of Stiffness of Beam Along the Length of Beam 

When WL=0.025 m and WS=0.005 m. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 9. Variation of Stiffness of Beam Along the Length of Beam 

When WL=0.04m and WS=0.005 m. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 11. Comparison Between the  Natural Frequency of the Three 

Methods with the Length of Larger Part When (WL=0.015m)  and 

(WS=0.005m). 
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Fig. 12. Comparison Between the  Natural Frequency of the Three 

Methods with the Length of Larger Part When (WL=0.02m)  and 

(WS=0.005m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 14. Comparison Between the  Natural Frequency of the Three 

Methods with the Length of Larger Part When (WL=0.03m) and 

(WS=0.005m). 

 

 

 

 

 

 
 

 

 

 

 

 

 

 
Fig. 16. Comparison Between the  Natural Frequency of the Three 
Methods with the Length of Larger Part When (WL=0.015m)  and 

(WS=0.01m). 

 
 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 13. Comparison Between the  Natural Frequency of the Three 

Methods with the Length of Larger Part When (WL=0.025m)  and 

(WS=0.005m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 15. Comparison Between the  Natural Frequency of the Three 

Methods with the Length of Larger Part When (WL=0.04m) and 

(WS=0.005m). 

 

 

 

 

 

 

 

 

 

 

 

 
 

 
Fig. 17. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.02m)  

and(WS=0.01m). 
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Fig. 18. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.025m) 

and(WS=0.01m). 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 20. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.035m) 

and(WS=0.01m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 22. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.02m)  and 
(WS=0.015m). 

 

 
 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 19. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.03m) and 

(WS=0.01m). 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 21. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.04m) and 

(WS=0.01m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 23. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.025m)  and 
(WS=0.015m). 
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Fig. 24. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.03m)  and 

(WS=0.015m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 26. Comparison Between the  Natural  

Frequency of the Three Methods  with the Length of Larger Part 

When (WL=0.04m)  and (WS=0.015m). 

 

 

 

 

 

 
 

 

 
 

 

 
Fig. 28. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.03m)  and 

(WS=0.02m). 
 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 25. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.035m)  and 

(WS=0.015m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 27. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.025m)  and 

(WS=0.02m). 

 

 

 

 

 
 

 

 

 
 

 

 
Fig. 29. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.035m)  and 

(WS=0.02m). 
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Fig. 30. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.04m)  and 

(WS=0.02m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 32. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.035m)  and 

(WS=0.025m). 

 

 

 

 

 

 
 

 

 
 

 

 

 
 

Fig. 35. Comparison Between the  Natural Frequency of the Three 
Methods  with the Length of Larger Part When (WL=0.04m)  and 

(WS=0.03m). 

 
 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 31. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.03m)  and 

(WS=0.025m). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 34. Comparison Between the  Natural Frequency of the Three 

Methods  with the Length of Larger Part When (WL=0.035m)  and 

(WS=0.03m). 

 

 

 
 

 

 
 

 

 
 

 

 

 

 
Fig. 36. Comparison Between the  Natural  

Frequency of the Three Methods  with the Length of Larger Part 

When (WL=0.04m)  and (WS=0.035m). 

VIII.  CONCLUSION 

Generally, the stiffness of stepped beam depends on 

length and width of large part of beam and length and 

width of small part of beam in additional to the 

modulus of elasticity of beam material. In this work 

and according to the point equivalent moment of 

inertia, the stiffness of any point at the beam depends 
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on length and width of large part of beam, length and 

width of small part of beam and the modulus of 

elasticity of beam material in additional to the position 

of the point. When the ratio (I Large / I small) or (Area Large 

/ Area small) (or (W Large / W small)) increases, the 

decreasing rate of stiffness will be increases. 

The natural frequency of any stepped beam 

depends on the parameters affects on the stiffness of 

beam when the density is constant. If the length of 

large part of beam increases, the natural frequency will 

be increase until reach to (0.52 m) and then will be 

decrease for any value of width of small part when the 

modified Rayleigh model was used. While the natural 

frequency will be increase until reach to region (0.042-

0.63) m and then will be decrease for any value of 

width of small part when the ANSYS model was used. 

For this kind of stepped beam, the modified 

Rayleigh model is a suitable method for calculating the 

natural frequency especially when the ratio (W Large / W 

small) is small.   The modified Rayleigh model is much 

closer to the ANSYS model than the Rayleigh model. 

For future works, the change in stiffness of 

stepping beam due to crack can be calculating. Also, 

the effect of dimensions of cross section areas which is 

stepping on the stiffness of beam can be studied. In 

other hand, the number of steps will affected on the 

stiffness of beam.     
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