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ABSTRACT

288

Aircraft recovery is possible using an inflatable wing canopy with steel cable or fiber
suspension lines. These lines are attached to reels at the aircraft that not only provide
stowage for the lines but braking during deployment to prevent high snatch forces. They
can vary the inflated wings angle attack thereby controlling range and flared landing
maneuver. The inflated pressurized wing can carry a larger load than flexible gliding
parachutes. A combined aerodynamic-structural analysis is made which is based on the
assumption that the sail is flexible and has freedom to make the shape which the
aerodynamic pressure and the internal stresses dictate. Analytical results are obtained for
Newtonian impact aerodynamic theory and are compared with results obtained for a rigid
idealization of the paraglider wing. The calculations provide a basis for design of

paragliders for hypersonic flight.

Nomenclature

L lift

D Drag

A" Free stream velocity

p Free stream density

q Dynamic pressure

S Aerodynamic surface

o Angle of attack

C Chord length

Co Coefficient of lift

Co Coefficient of Drag

AR Aspect ratio

I Length of leading-edge boom
Ik Length of keel boom

Fr Force acting on leading-edge boom
Fx Force acting on keel boom

Keywords: Inflatable wing, Paraglide, Analytical Solution etc.
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1. Introduction

An inflatable wing aircraft recovery system that can be packed like parachute, deployed
during an emergency, and is light enough in weight to be a practical recovery device for
current aircraft designs.

In this case a theoretical investigation is made which consists of a combined structural and
aerodynamic analysis. In this analysis, the sail is assumed to be an in extensional, flexible
membrane which has complete freedom to take the shape which the aerodynamic pressures
and the internal stresses dictate. The assumptions are also made that the booms are rigid
and straight and that they have small enough cross sections so as not to affect the
aerodynamics. The boom are maintained a fixed distance apart by spreader bars, and the
dihedral of the leading-edge booms is fixed with respect to the keel boom.

The aerodynamic theory used is Newtonian theory, which has sometimes been used to
express the aerodynamic pressure-shape relationship for the hypersonic speed range.
Numerical results are presented to show effects of variation in dihedral angle (raising or
lowering of the leading-edge booms).

Fig: Aircraft Recovery System, RESCUE

2. Mathematical Analysis
2.1 Geometry of the sail

In this analysis the sail is assumed to be constructed from a flat, in extensional membrane which
may take some rather general shape in its loaded equilibrium condition. By virtue of its
inextensibility, it is possible to establish appropriate coordinates in the surface by considering the
sail in its flat (unloaded) condition. (See fig.2 (a.)) Points on the sail are thus designated by the
coordinates x and &. Since the paraglider wing is symmetric about the x; axis(fig. 1), and since only
symmetric deformations and loadings will be considered herein, only that portion of the wing in the
first quadrant need be considered. The keel boom, of length [ i ,0is located at & — @ and the
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leading edge boom, of length I, at & = @. It is also assumed that the trailing edge of the sail is
straight; points on the trailing edge are expressed by the equation

lgA
X =
™ giné+dcos @ M
sin &g
Where = — (2)
B_cos @y

iE
And a subscript T has been added to indicate that the values of x from this equation are values at the
trailing edge.

For the x,0 polar coordinate system, the first fundamental form is given by
de? = dx? +x4d6? 3)
Since the booms are straight and rigid and lie on x-coordinate lines and since deformations of the

sail are assumed in extensional, the x,6 coordinate curves are lines of principal curvature of the
loaded surface for which

R ;. Ria @)

T F

are the radii of principal curvature. This is a surface of zero Gaussian curvature which has the
second fundamental form gdl?z. Note that the sign convention on g differs from that usually
employed in references in differential geometry of surfaces in that, for positive curvature of the
surface, the positive direction of the normal is outward. The only one of the codazzi equations of
compatibility (see [11]) not identically satisfied becomes

% _¢
X X
Integration of equation (5) yields
&
- — 6
&=z (6)
Where R ({) is an arbitrary function of { alone. Then the radius of curvature Ka(eq. (4)) is
R, = XR(8) (7)

2.2 Equilibrium Equations

Equilibrium of the loaded sail is governed by the equilibrium equations of membrane of zero

Gaussian curvature (see, for example, [12]). In terms of the x,8 coordinates, these are:

xﬁm,m + Hx@‘,? + M%‘ - Mﬁ =0 (8)
xNygx + Ngg+ 2Nz =10 9)
Ng = R:X = X(RX) (10)
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For the case where only normal pressure forces x act on the surface of the sail. Here Ny and Ng are

the normal stress resultants in the x and & directions, respectively, and Nyg is the shearing stress
resultant. The comma followed by a subscript denotes partial differentiation with respect to this
subscript.

2.3 Boundary Conditions

It is appropriate to consider force boundary conditions along a general boundary contour c¢ of the
loaded surface. Thus, one may prescribe

Py =B - 2L Nyg - 13 Ng (11)
Fg = b 51Ny + (buva + ba51 )Ngg + lp5alNg
Where Py, and Py are applied boundary forces per unit length in the surface normal and tangent to

c, respectively. Here ’51 and fg are the components of the unit outward surface normal L to ¢ and s;
and s, are components of the unit tangent 5 (in the direction of increasing5). Since L and § are
orthogonal vectors

g1l + 520, =10 (12)

sfi+sf=1 (13)

BE4iE=1 (14)
From figure 3 it can be seen that
ds

= S 15

=5 (15)
@
FQ-XE

For a given boundary contour c, s; and s, can be found from equations (13) and (15) and 1; and 1,
form equations (12) and (14). Then the force boundary conditions for the given contour are
determined from equations (11).

2.3.1 Trailing-edge boundary conditions

At the trailing edge the boundary contour is expressed by equation (1). From equations (1) and (15)
the following is obtained:

(8inf + Acos@)s; + (cogf — Asinfls; =0 (16)
Simultaneous solution of equations (13) and (16) together with the solution of equations (12) and
(14) yields

g ==l = —?ﬁ(ma& — Asln &) (17)
o= —f = _ﬂiﬁ (eln@ + Acoaf) (18)
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Now application of equation (11) along a stress-free trailing edge yields
1 2
(Podr=rop [(s1n @ -+ 4 con ) *(Nyo

+2(cos@ — Asinf)(sinf + A cosd) (Nyglr
+(cos? — Asin®) (Nygh=0 (19)
And
1

(Ps)r= 5 {(sin@ + A cos@)(cos @ — A sin@)[ (Ng)hr
—(Ny) + [(8in @ + A cos® Y —(coa @ — A sin€)] (Nya)}

(20)
Finally, equations (19) and (20) may be recast in convenient form by solving for (NXEI)T and
(N Jr and using equations (1) and (10)

(Ngeh= (ZE(RX N @
And
(Neh= 5= CoF P RX)r: @2)

2.3.2 Nose boundary conditions

The boundary conditions at the nose of the sail are obtained by considering the limiting case of a

stress-free boundary that shrinks to a point. Hence the stress resultantsiVy , Vg, and ngmust
remain finite at this point.

2.3.3 Keel and leading-edge boundary conditions
The boundary conditions at the keel and leading edge are given by specifying the relative positions
of the keel and leading edge. Details of the specification of these boundary conditions are reserved

to a subsequent section.

2.4 Solution of Equilibrium Equations

Substitution of the expression for [Vigfrom equation (10) into equations (8) and (9) yields

(KNX),X | N Xeg = fY(RX} (23)
(X*Nyg)o=—X*(RX).0 (24)
Integration of equation (24) gives
ke
L 3 P ﬂfﬁ(B*.?E}, ¢ (25)

Where the boundary condition for finiteness of the stress resultant at the nose of the sail has been

satisfied. Substitution of ngfrom equation (25) into equation (25) and integration then yields
_1p& 1 r§q3
Ny = E.Fg [E‘(RK} -+ Ejﬂ A (RX:I', ﬁigﬁfﬂ]dﬁ, (26)
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Where again, the boundary condition at x=0 has been imposed. Thus, the stress resultants Ny Nxg
and Nx are readily expressed in terms of the aerodynamic pressure X(X, 0) and the single parameter
R(9).

Now the boundary conditions (21) and (22) for stress resultants at the trailing edge of the sail are
seen to require:

- S o7 £ RE) ¢ = EE)RE), @)

: jf [g(&x} +;5 J7 7 (Rx) 6642 d$=£ By wrx 28)

T should be noted that both equations (27) and (28) must be satisfied. However, only the one
arbitrary function R(0) is available for satisfying these woe conditions. Difficulties of this nature are
commonly found when dealing with membrane shells of zero Gaussian curvature (see, for example,
[12]) and as a result membrane stress states can, in general, be obtained only in special cases. For
the straight trailing-edge boundary conditions considered in this problem the fortunate situation
arises that, for any aecrodynamic pressures of the type

X(X.0) = £ _. a,X"Z, () (29)
a single function R(0) can be found which satisfies both equations (27) and (28) and thus leads to
true membrane stress states. Moreover, for aerodynamic pressures of this type, a straight trailing
edge is necessary for obtaining a membrane stress state satisfies both trailing-edge boundary
conditions.
The parameter R(0) expresses the shape of the loaded surface of the sail and the aerodynamic
pressure X(X, 0) is dependent on this shape. It is convenient for deriving a relationship between
aerodynamic loading and the shape to express the shape in terms of angles B(0) and 6(0) measured
from the keel location rather than by R(0) .(See fig. 2(b).) In appendix A the parameter R(0)d is
found in terms of B and 9 is related to B via the condition of inextensibility. The resulting equations
are

R(B) = e — B L
W= e, g

(30)

And

1 dfva
j:mﬁwf - (=5 (31)

2.5 Application of Newtonian Impact Theory

The entire analysis up to this point is based upon equilibrium consideration of the sail subjected to
normal pressure, and the equations derived are not dependent upon any specific aerodynamic
theory. In this section use is made of Newtonian impact theory. (see, for example, [9,10].) This
theory, often used for hypersonic velocities, has the advantage of yielding pressures X which are
functions of 0 alone and thus permitting satisfaction of the boundary conditions (27) and (28). In

addition, this aerodynamic theory has also been applied in [7] to a rigid idealization of a paraglide
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wing; therefore, a direct comparison can be made with the results of [7] to evaluate the use of rigid
models in the study of paraglide behavior.
In Newtonian impact theory, the pressure at a point is given by the relation
X=2qain°e fe=0
Or (32)

X=0if e <0
Where q is the dynamic pressure and ¢ is the angle between the local stream wise unit tangent
vector and the free-stream velocity vector. Newtonian impact theory requires that the moving
stream gives up its “normal” component of momentum (to the surface impact) but retains the
tangential component which passes off tangentially to the local surface. Only portions of the surface
that “see” the flow have a nonzero pressure coefficient, as indicated in equations (32).The unit
normal ¥ to the surface has been determined in terms of the parameters 3 and 8 in appendix A(see
eq.(52)). If it is noted that sin & =cos(1,¥)=1 . ¥, and is made of equations (52), the pressure on the
sail at a given point (eq.(32)) is readily expressed as

X =2¢[(coaf slna —slnf coa § cos) |1 - ( }2+3m§coa f:{ ]2 (33)

From equation (33), it is evident that X is a function of 6 alone. For this case, the boundary
conditions (27) and (28) on the stress resultants at the trailing edge of sail are satisfied by

(RX)=== 5

Here the constant of integration C is to be determined by the relative positions of the keel and
leadings edge.

(34)

Equation (34) upon substitution from equation (33) for X and equation (30) for R yields a
differential equation from which the deflected shape of the sail is determined ;thus

- I|l1—(‘z lcosf sina —olnFcosd cosa) [1— (— 2+c03c¥3m§

== ﬁﬂ-alné}-’rcoaﬂf{dgz E::“;[l :—g ]} (35)

One other relation is needed. This is provided by integration of equation (31):

&
_fﬂ il ~=)rdf (36)
The negative sign in equation (31) is ruled out since the lower (or upstream) surface must “see” the
flow. Solution of the simultaneous nonlinear equations (35) and (36), for B and d, and satisfaction of
specified conditions B(0.) and 6(0.) , at the leading edge of the sail , determines the deflected shape
of the sail . This solution is affected by using finite differences to represent derivatives of B with
respect to 0:
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23 i

Lo Barr — 1) S
z

ER s (Bar — 280+ Put)

Where A is the spacing of the stations and station n=0 is taken at the keel. Parabolic integration is
employed to evaluate the integral in equation (36) so that

8 = ey + = (5 + By — foma) 69)

1 df
Where fﬂ = Y g (- E}%

Then , if values of (df/d0), ,(c/qli’) ,and angle of attack o are specified ,equations (35) and (36)
became two simultaneous equations for determining 0, and P,+; in terms of their values at
preceding stations. For each set of selected values of (dp/d)o ,(c/qli’) , and a , these equations are
applied successively to obtain a set of values of B(0r) and o(0y) at the leading edge. The values of
(dp/dB)e and (c/qlk3) are then varied until the deflected shape with the desired boundary values of
B(6r) and 6(6r) is obtained.

The stress resultants may now be evaluated. With the relations (34) for RX, and (1) for Xt
equations (10), (25) and (26) become

Ng —( zg)aﬁ (sln@ 4 A cos @)’

Ny = ( zg)aﬁ (sln@ -+ A coa @ )(cos @ — A sin @) (39)

Nyg = — (E_?z) e (slné 4+ Acos @)(cos® —Asind)

Where A is given by equation (2) and where (c/qli’) has been determined in the course of the
numerical integration described above.

Determination of the two principal stress resultants yields the value zero and

N = (EEE)-@ (1 +A%)(siné + A cos?) (40)

Acting perpendicular and parallel to the trailing edge, respectively. From figure 2(a) and equation
(1) it can be seen that lines parallel to the trailing edge are given by

— ':-E}E=n-‘1

gin #4+cosd (41)

1112601-9494 1JET-1JENS © February 2011 IJENS IJENS



International Journal of Engineering & Technology IJET-IJENS Vol: 11 No: 01 296

So that along these lines the maximum principal stress resultant is a constant:

¢ X gmpé 2
E§ v (I—H'q ) (42)

Integration of the stress resultants given by equations (39) at the keel and leading edge yields the
resultant forces applied by the sail to the booms. (See fig 4.) Then by considering the components
of the boom forces in the zy, and X, directions, the lift and the drag forces are obtained. The boom
forces and the lift and drag forces are determined in appendix B.

2.5 Shape of Loaded Surface of the Sail

In this appendix the shape of the loaded surface of the sail is presented by the angles ﬁ and O
shown in figure 2(b). The X; - axis of the rectangular Cartesian coordinatesX;,Y,Z4 is alined with
the keel of the paraglide and the X{Z; plane is the vertical plane of symmetry of the paraglide.

Hence
Z, =Xsing
X, = Xcosfcosd (43)
v, =X cosfsind

Consider the keel at an angle of attack a and define rectangular Cartesian coordinates Xo, Yo, Zo such
that the xo- axis is aliened with the direction of airflow. The x¢z. plane is coincident with the x,z;.
plane (fig.1), thus

Ly =X(sinf cosa — cos ff cosd sina)
Xog = X(sinfsina + cos f cosd cosa) (44)
vy = Xcogffsind

Now if zj is treated as a function of x¢ ,yo representing the deflected surface in the xo ,yo ,Zo
coordinate system,

dZy = ”" g + *‘“"‘* 5L dyg (45)

And it can be shown from equatlons (44) and (45) that:

fZy —glndcos ﬁg—gﬂsin Goosdcosw—cos felnw)cos ﬁ%

= 46
fXg —ﬂm&ﬂinﬁd +iolnGcoo dalnatoon B ooo &) coa ﬁg% (46)
And
Iy cos ﬂ—g-l-slnlﬁicwﬁsm ﬁd,&
- bl (47)

F¥o —-sindsin r::—":i-l-{sinﬁcw&sin cr+cos § cos ) cos 'Ef.h‘}
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Also the square of the length of a line element on the deflected surface is given by

d5? = dX3 +dyi + dZj (48)

Which upon substitution from equations (44) and (45) yields
ds? = dx? + X% (L) 2 + cos?p (L) 2| ao? (49)

But inextensibility requires that the metric (eq. (3)) remain unchanged; thus, it follows from
equation (49) tat

ad _ @h-,
r::? ws,&' 1= ( (50)

The unit outward normal of the deflected surface is given by

Poge—— 2 o [-Zp_ZErik (51)
(B2 (32 ) |

Where the positive sign refers to surfaces which are concave downward, and the minus sign to those

which are concave upward. The unit normal’s ©,] and k are directed along the x¢’, yo” and z,” axes
as shown in figure 1. Upon substitution from equations (46),(47) and (50) for 0zy,0xo, 0zo/0yo and
do/d6 equation (51) yields

-
(cog@sina—sinfcosfcoaa) [1— ('8)2. +sinScosa |t -

_ a af
ginfsind ?l - (g) &+ cw&%‘f +

[coﬂﬁ coga -+elna cosd sina ?1 - (2—? z2- alnaalmgﬂﬁ
A (52)

The unit tangential vector in the x-direction is given by
T, = (sinfi sina + cos ff cos§ cos )i + (cos ff sind)f +
(sinf cosa — cosf cosdsina)k (53)

The unit tangential vector in the 6-direction is given by

=7xT
cosd #1 (— ? sinff sind — Bl} + |sind sina lll (
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The quantity g can be expressed in terms of ¥ and T and then in terms of the angle by using
equations (52) and (54):

g =4&T.7,

g= -X {sinﬁ dn g ré?_ﬂ} 55)
[ dho lcosficosf  def
"llll (Eg}
Then from equation (6) the function (0) can be expressed in terms of the quantity P as
-
- - }2

R(6) = o3 & (56)

d“g sl B[ _ o
ﬁg"cuag[l (Eg} ]
3. Calculation of Lift and Drag Forces on Paraglide Wing

In this section the lift and drag forces are derived. As a preliminary step, the resultant forces
applied by the sail to the keel and leading edge booms are obtained. These resultant forces and their
location are useful in obtaining the forces in the shroud lines and spreader bars of the paraglide.

The resultant force applied to the keel by the half of the sail considered in the analysis is obtained
by integration of the stress resultants for the sail along the keel boundary. Since the tangent vectors
along the keel do not vary with x the vector equation for the force is given by

—_— — LK — LK
Fg = (Tx J, Nyey_,dX + (Ta)x [y Ne,_,dX (57)
And this force acts through the point x=xx of the keel, where
IE T 3
Jo© AKX Xfggq ax
X = (58)
R

Here (T))x and (T)x are the unit tangent vectors of the surface at the keel (egs.(53) and (54)
evaluated at 6=0). Similarly, the vector equation fro resultant force applied by the sail to the
leading edge boom is given by

— — LK = 1.4
FL = (Tl}f.. .,Fﬂ ngg=gﬂdx+ (TE}E .Fﬂ N&,g:gﬂd‘g (59)

And this force acts through the point x=x;. of the leading edge where
3 j;fﬁ KNygg_g QX

A =
fq Fl‘xaher_ﬂx

k.

(60)

In equation (59) (7))L and (T2). are the unit tangent vectors of the surface (eqs.(53) and (54)) at the
leading edge 0=0;.
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It is necessary now to determine the components of Fy and Fi in the X ,yo and z directions. For
example, the component of Fy in the X, direction is given by

— EH -
Fyx, = Fgt = CGS&'J (Nyglo=g dX+sin & (_}E—ﬂ j iNglg=g dX (61)
Or for Newtonian impact theory (eqn.(39)) in non dimensional form:
FEX L@ Yig gs;.[ ]
LR
- > (EEE) g |ce8a — ( }g.g glna (62)

Similarly the remaining components are

F'g 1 gl
_Lfél 2 (EE%) sin @, \{ ( }?"ﬂ (63)
FH:-..’ 1
; Eiqmi:l 2in O 7 sina + (§}5 =0 coz 'x] (64)
Frxg _ 1f € \Ggite)® (; cosfp=lgil
T_r.ﬁ'i - 2(:{.2%) sin®g (El sin € =1 ) (65)
Frg, _ 1 el ¢, ea@y-lgfly
_::.‘;L T2 (qé%) BLLL &g (“ sl &, -; ) (66)
Frag _ 1f € YORWE - c08 fp=ig/iL
T_r."p'q- - E(qt?z) sin @ (K‘l slnfy KE) (67)
Where
I =sinf(f,)sin & +cosfF (F, ) cosd (f,) cos « (68)
Ji =cosf (6,)8ind (G.) (69)
ky =sinf (0 )cosa — cosﬁ (G) cosd (6, )sina (70)
I, = —sin&(f,) cosov'l — g }9_,&}
+[cosB(; Jaina — ain B (& Jcoa & (By) casaf]( }g-gﬂ (71)
_ ¥ ﬁ df
Jr = cos §(6:) ¥1— )g_g;, —sinff (6;) sinf (6, )(77)e=e,
| [coaB(6 ) coace | mn,@ (&) cosd () since] (ﬂg}g=gﬂ (72)

ky = sind(8,) sinwevl — (%}Lﬁ)
+[cos (6, Jcosee 4 sinff (6 ) coad (6 ) sinee] (j—ﬁ},;:gﬂ (73)
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The coordinatesX gk, etc. (fig. 4) through which these forces act may be written with the aid of
equations (44), (58), and (60) as

Xop = %ig coaw (74)
o = 0 (75)
3
Zop = —zlgslnw (76)
XoL = EELII (77)
2
Yor = EELJEI (78)
2
Zop = zliky (79)

Finally, when both haves of the symmetrical sail are considered (fig. 4), the lift and drag

coefficients can be expressed as follows:
i

= = \Frzo +Fuzo) (80)

==(Fyx, + Frxp) (81)

: . . 1 . :
Where L and D are the lift and drag forces, respectively, on the wing; ¢ = 2 ;:IVE is the dynamic
pressure, and
S = EHEL Eiﬂgh (82)
Is the total surface area of the sail. The resultant of the lift and drag forces acts through the point

(Xg.Zy) where

Y = foufize *iorFkrae (83)
¢ Free +PRrao
And
— _ ZorfixotiorFrxo (84)
@ FrxotFfrxg

4. Conclusion

Equilibrium equations for the sail of the paraglide wing have been derived and integrated. Results
are first obtained in rather general form for the stress resultants in the sail, boom forces and lift and
drag in terms of the pressure on the sail and a parameter that describes the deflected shape of the
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sail. The specification of an appropriate aerodynamic theory- in the present case, Newtonian impact
theory- then permits satisfaction of the boundary conditions at the trailing edge and calculation of
the deflected shape of the sail. Finally, the general formulas are applied to calculate the stress
resultants, lift, and drag. Numerical results have been obtained and have been compared with
published results for a rigid idealization of the paraglide wing. The comparison shows that the
assumed shape of the rigid wing is considerably in error over the complete range of angles of attack.
Consequently, the lift and coefficients and, especially the lift to drag ratio, for the flexible wing are
significantly different from the values found for the rigid wing. The calculated stress resultants and
boom forces provide a basis for design of sails, booms, shroud lines, and spreader bars for a
paraglide in hypersonic flight.
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Figl: Para Glider Wing configuration

Fig 2(a):Co-ordinates of sail
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Fig2{b}: Loaded Surface of Sail

Fig. 3: Boundary Vectors
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Fig. 4: Resultant forces applied by the sail to the keel and leadin-edge booms
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